SUGGESTED SOLUTIONS TO HOMEWORK 10

Exercise 1 (9.2.3). Discuss the convergence or the divergence of the series with nth term
(for sufficiently large n) given by

(a) (Inn)~?,

(c) (Inn)~tnn,

Proof. (a) We claim that (Inn)™ > n~! for sufficiently large n. Indeed, it suffices to note

that
n-1

lim ——— =20
nggo (ln n)*p
Since Y >°  n~! is divergent, we have Y - (Inn)~? is divergent.
(c) We claim that (Inn)~"" < n=2 for sufficiently large n. Indeed, it suffices to note that

1 —Ilnn
g mn)— "
n—oo n*Q

=0.

—Inn

. 00 —92 00 .
Since )~ , n~° is convergent, we have ) >~ (Inn) is convergent. O

Exercise 2 (9.2.4). Discuss the convergence or the divergence of the series with nth term:
(b) n"e™",
(d) (Inn)e= V™.

Proof. (b) We claim that n™e™" > 1 for sufficiently large n. Indeed, it suffices to note that

lim n "e™ = 0.
n—oo

Since > 7 1 is divergent, we have lim’° , n"e™" is divergent.
(d) We claim that (Inn)e~V"™ < n~2 for sufficiently large n, Indeed, it suffices to note that

Inn)e vV
n—o0 n—
Since Y_>°  n~? is convergent, we have lim;° , (In n)e V™ is convergent. U

Exercise 3 (9.2.7). Discuss the series whose nth term is
!
(2) 557 (D)
2:4-(2n)
(¢) 35-@nr

Proof. (a) Since
n! n!

! _ _9n
3.5--@ntl) " 2-4---(2n)
and > 7 27" is convergent, we have ) >, #énﬂ) is convergent.
(c) Since
24-(2n)  2:4e(2m) 1
3-5---(2n4+1) " 4-5---(2n)-(2n+1)  2n+1’
and Y7 (2n+ 1)~ is divergent, we have > 7 #Q(jﬂ) is divergent. O
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Exercise 4 (9.3.8). Discuss the series whose nth term is:
(a) (—=1)" Gy
(d) B

Proof. (a) Since xInx is convex, we have

1 1
nlnn < E(n +1)In(n+1)+ Q(n +2)In(n + 2),
which implies that
(n + 1>n+1 _ n"
(n+2)"t2 ~ (n+4 1)n+1

Therefore by Alternating Series Test, we have Zzo:l(—l)”—(n ﬁgn — is convergent.
(d) Since
(n+1)" 1
Tttt T
and " >°  n~! is divergent, we have Y > (Zﬂ)l is divergent. O

Exercise 5 (9.4.1). Discuss the convergence and the uniform convergence of the series ) f,,
where f,(z) is given by:

(b) (nx)~* (z # 0),

() (=D)"(n+2)~" (x> 0).

Proof. (b) For arbitrary a > 0, since
(nz)™? < a *n72,

and Y >° n~? is convergent, we have > >°  (nxz)~? is uniformly convergent for |z| > a.

However, consider © = £n~!, then f,(£n~') = 1 which implies that Y>> (nz)~? is not
uniformly convergent on R/{0}.

(f) Since

(=D)"(n+z) < (=)',

and "2 (=1)"n~! is convergent by Alternating Series Test, we have > 2 (=1)"(n + z)™*
is uniformly convergent on [0, c0). O

Exercise 6 (9.4.6). Determine the radius of convergence of the series a,z", where a, is
given by:
(b) n/nl,
(f) n=v™.
Proof. (b) Since
n* (n+1)! n+1
n! (n+1)* 7 T
which implies that the radius of convergence is co.

(f) Since

. _vn
lim n=» =1,
n—oo

which implies that the radius of convergence is 1. 0



